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Resonance of droplets in constricted capillary tubes:
Critical factors and nonlinearity
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2
Department of Geological Sciences, The University of Texas at Austin, Austin, Texas 78712, USA
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Resonance of droplets in constricted capillary tubes responding to external vibratory
excitation can be theoretically characterized by the abstract coefficients such as resonant
frequency and rate of damping. A physically sound model, however, is needed to relate
these abstract coefficients to the fluid properties of two-phase fluid, geometric properties
of tube, and features of excited waves. A hydrodynamic model, based on the movingboundary control volume concept and the transient oscillatory velocity profile, was
developed to characterize the resonance of droplets. This model was validated against
computational fluid dynamics simulation results expressed in both time and frequency
domains. Dominant factors including Ohnesorge number, viscosity ratio, density ratio, and
aspect ratio which control resonance were systematically investigated for their influences
on the resonance of droplets. The nonlinearity in light of the initial position of front
droplet meniscus and the amplitude of oscillation was distinguished and validated by the
theoretical model.
DOI: 10.1103/PhysRevFluids.5.083604

I. INTRODUCTION

Oscillatory flow in capillary tubes has been studied extensively for decades for its practical
applications such as understanding blood flow in arteries in a cardiovascular system [1–3], analysis
of pulsating heat pipes [4], design of microactuators in silicon manufacturing technology [5],
implementation of seismic stimulation for enhanced oil recovery [6,7], and predicting the dynamics
of liquid bridges in fabricating single semiconductor crystals of high purity from the melt [8,9]. To
improve and expand practical applications, it is important to predict oscillatory flow precisely with
varying amplitude and frequency of the vibratory excitation. Unfortunately, the nonlinear nature of
oscillatory flow makes prediction rather difficult. Under certain vibratory conditions, the oscillation
of the fluids with dispersed droplets or bubbles could manifest a highly nonlinear behavior, i.e., the
droplet could resonate which makes the prediction of the oscillatory flow even more challenging.
Although the resonance of droplets/bubbles has significant effects on the dynamic behavior of the
oscillatory flow system, it has not yet been analyzed comprehensively.
The motion of dispersed droplets has been observed frequently in the analysis of nonwetting
droplet dynamics in capillary tubes. Graham and Higdon [6] used the finite element method to
determine the dynamic behavior of fluid droplets in sinusoidal capillary tubes subjected to an
oscillatory body force, but no theoretical analysis was conducted. Beresnev [10] established a
vibration-based theoretical model to analyze the mobilization of oil in the throats of pores based
on a harmonic oscillator equation. Furthermore, Deng and Cardenas [11] further improved the
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TABLE I. Employed symbols and nomenclature
Notations
L1 , L2
L
rmax , rmin
h, x0
ε, δ
λ(x)
Pw1 , Pw2
Pc− , Pc+
Pn− , Pn+
Pw− , Pw+
ρn, ρw
μn , μw
Fx , Fp , Fa
A− , A+
vn (r, t ), vw (r, t )
v̄n (x), v̄w (x)
Qn , Q
λmen (x), H(x)
V0
a(t), A
ω, f
ωcn , ωcw
∇Pn (t ), ∇Pw (t )
n
w
(t ), ∇Pvisc
(t )
∇Pvisc
H1 (x), H2 (x),
H3 (x), H4 (x)
P(x,t)
Pe , Pc
aρ , aμ
Oh, Su

κ, α n
m, b, k, F
r
r0 , f˜0
ξ ± , ε∗
T
p
χ

Description
Axial coordinates at entrance and exit of model geometry
Spatial semi-wavelength of the constriction
Maximum and minimum radii of the tube
Transient positions of three-phase contact line
Initial positions of three-phase contact line
Tube radius at axial position x
Entrance and exit background pressure
Capillary pressure at the rear and front menisci
Pressure of nonwetting droplet at the rear and front menisci
Pressure of wetting liquid at the rear and front menisci
Density of nonwetting/wetting phase
Dynamic viscosity of nonwetting/wetting phase
Viscous force, pressure force along the wall, oscillatory force
Cross-sectional areas of tube at the contact line of rear and front menisci
Transient velocity of nonwetting/wetting phase
Cross-sectional mean velocity of nonwetting/wetting liquid at position x
Flow rate in the region II, general flow rate
Radius of curvature for a meniscus, height of spherical cap
Volume of nonwetting droplet
Excited acceleration, amplitude of acceleration
Angular frequency and frequency of excitation
Characteristic frequency in nonwetting/wetting phase
External pressure gradient in nonwetting/wetting phase
Viscous pressure gradient in nonwetting/wetting phase
Introduced functions of position x
Pressure distribution at position x at time t
Constant pressure difference between entrance and exit, capillary pressure
difference between two menisci
Density ratio, viscosity ratio (wetting to nonwetting)
Ohnesorge number, Suratman number
Aspect ratio of constriction
Curvature of interface, volume fraction of nonwetting phase
Mass, damping coefficient, coefficient of recovering force, amplitude of
harmonic loading in linear oscillator
Amplitude ratio
Peak of amplitude ratio, associated resonance frequency
Defined dimensionless variables
Oscillation period
Mean pressure difference in constriction
Geometric correction factor considering severe constriction

Note: Symbol with tilde accent denotes dimensionless variable. The tilde accent applies to most symbols in
table and do not list them exhaustively.
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accuracy of the theoretical model based on fluid momentum balance to analyze the mobilization of
the nonwetting droplet in response to seismic waves. It was concluded that the required acceleration
amplitude of the vibratory excitation to mobilize the droplet was inversely proportional to the
frequency of the vibratory excitation but in a nonlinear way; however resonance was not addressed
in their work. Hilpert et al. [12,13] and Hsu et al. [14] established a theoretical model based on the
pressure balance in a sinusoidal capillary tube to analyze the resonant characteristics of droplets in
the frequency domain. This theory successfully described the resonance of blobs in a packed sphere.
However, the linearity approximation used in Hilpert’s analysis in the frequency domain makes
the prediction of the resonance frequency and the displacement amplitude of resonance potentially
inaccurate. Kurzeja and Steeb [15] developed a vibrational formulation to describe the oscillations
of fluid clusters in porous media. The resonance of the clusters was analyzed by an analogy with the
linear harmonic oscillator, which was a simplified model for the resonant analysis of fluid clusters,
and the nonlinearity was not considered. Tsamopoulos et al. [9] theoretically analyzed the resonance
properties of viscous capillary bridge under axial oscillatory loading. The capillary bridge is a drop
of liquid initially sustained by surface tension force between two parallel supporting disks. The
oscillatory loading is transverse to the oscillation direction of meniscus. Later, Montanero and
Ferrera [16] extended their oscillation analysis to condition with lateral oscillation by which the
vibratory excitation is aligned with the motion of meniscus. Besides preceding external driving
oscillation, the dynamics of surface tension driven flow in capillary tube also present resonance
properties, albeit mostly in underdamped regimes [17,18]. However, due to the limitations of
analysis methods used in above studies, critical factors that affect the resonance of droplet were
not able to be investigated inexpensively and systematically and the nonlinearity of the oscillatory
flow was not taken into account in their studies.
This study focuses on developing a theoretical model to describe the resonance of droplet in
a constricted tube and addresses critical factors that affect the resonance as well as the nonlinear
behavior of the oscillatory flow. The theoretical model is developed based on the moving-boundary
control volume concept and the transient oscillatory velocity profile [19,20]. The paper is organized
as follows: in Sec. II, a theoretical hydrodynamic model built on a moving-boundary control volume
is developed to address the dynamics in droplets motion in constricted tubes. Then, this theoretical
model was validated against the simulation results of computational fluid dynamics (CFD) in both
time and frequency domains. In Sec. III, the analysis of the resonance is conducted by examining
the effects of fluid properties and geometric parameters. In Sec. IV, the main points of this study are
summarized, and potential industrial applications are discussed briefly. All of employed symbols
and nomenclature in this paper are presented in Table I.
II. THEORETICAL FLUID DYNAMICS

In porous media, pore channels are usually composed of pore space with large-volume space
as pore bodies and narrow constrictions as pore throats. In a single pore channel, when the
external pressure gradient is not large enough to exceed the capillary resistance due to the
convergent-divergent geometry of the pores, nonwetting droplets/bubbles can become trapped in the
pore throats. The mobilization of these nonwetting droplets/bubbles has been studied extensively
[21–23]. Seismicity-induced vibration has been demonstrated to be an effective way to mobilize
the trapped nonwetting droplets/bubbles through capillary constriction. The basic mechanism is
that an additional body force generated by the oscillatory relative movement of solid skeleton is
added to the background pressure gradient, and, thus, the net driving force exceeds the capillary
resistance at the constriction, and the trapped droplets are freed [24]. In this oscillatory process,
the resonance of nonwetting droplets, which could save most of the energy required to mobilize the
trapped droplets, could occur at certain applied frequencies during seismic stimulation. The analysis
of this interesting resonance phenomenon relies to a large extent on the hydrodynamics of the
multiphase flow instead of relying merely on conventional harmonic oscillator theory. In this section,
we analyze the dynamics of incompressible nonwetting droplets in response to external vibration,
083604-3
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FIG. 1. A single flow tube, showing variables and parameters. The fluid flows from left to right.

and a theoretical fluid dynamics model is proposed. This theoretical fluid dynamics model provides
the merits of the combination of the mobilization and resonance of the droplets in the oscillatory
process, and it eliminates the need to assume the infinitesimal displacement of nonwetting droplets,
as has been done in previous pressure balance-based models [12,13].
A. Model geometry

A porous medium is an assemblage of grains. The flow channel between two neighboring grains
provides the pathway that droplets can squeeze through. Thus, we considered a model with a
constricted, axisymmetric tube (see Fig. 1) to represent the flow channel in porous media; this
geometry is also commonly used in relevant experimental studies [25,26]. The nonwetting droplet
(gray region in Fig. 1) is trapped in the constriction. The radius of the tube varies along the x axis
as depicted in Eq. (1):
⎧
⎨rmax


 x  L1  x < −L
rmax
1
1
−
1
+
cos
πL
−L  x < L ,
+
(1)
λ(x) = rmin rrmax
2
rmin
min
⎩
rmax
L  x < L2
where rmin and rmax are the minimum and maximum radii of the tube, respectively, L is the spatial
semiwavelength of the sinusoidally curved portion, and L1 and L2 are the entrance and exit of the
tube, respectively. The origin of the axis is chosen at the center of the constriction. The position of
the front, three-phase contact line, x, satisfies the condition −L < x < 0. This indicates that the front
meniscus resides in the curved region of the capillary tube. The rear meniscus is not constrained to
be in the flat region of the wall. The region near the constriction represents the pore throat, and the
region with radius rmax represents the pore body in porous media. For convenience in the analysis,
we denoted the regions occupied by the left wetting fluid, the nonwetting fluid droplet, and the right
wetting fluid slug as region I, region II, and region III, respectively.
The gray region (II) denotes the trapped nonwetting phase, and the white regions (I and III)
denote the wetting phase. The two blue curves represent the front and rear menisci. The external
pressure difference (Pw1 − Pw2 ) is applied, and it results in the initial equilibrium state of the
nonwetting droplet in the flow tube. The terms h and x0 represent the front and rear positions,
respectively, of the three-phase contact line. In this theoretical model, we assume there is a very
thin wetting film deposited between the nonwetting phase and tube wall. Therefore, the contact line
is assumed to be a sliding contact line which is not against the no-slip boundary condition used in
following model development.
B. Momentum balance equation

To describe the transient motion of the droplet as the response to an oscillatory force, we
established the momentum balance equation on a moving-boundary control volume, i.e., the droplet,
and the reference frame is the capillary tube. The motion of the droplet is described based on a
fixed coordinate system as shown in Fig. 1. We assumed that the flow is axisymmetric with only a
083604-4
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longitudinal velocity component as a part of the lubrication approximation we used to develop the
model. The lubrication approximation applies to flows that are thin and change slowly in the flow
direction. In the lubrication limit, the transverse length scale of the flow is small compared to the
min
length scale in the flow direction. When the slope of the constriction is small ( rmax −r
 1), the
L
lubrication approximation holds. Thus, the axial component of the macroscopic momentum balance
equation is
ρn

d
dt

V

v̄n dV = Fx + Fp + Fa + Pn− A− − Pn+ A+ ,

(2)

where the term on the left-hand side of the equation specifies the momentum variation rate in control
volume V , ρn is the density of the nonwetting fluid, and v̄n is the cross-sectional mean velocity of
the nonwetting droplet. On the right-hand side of the equation, Fx , Fp , Fa , Pn− A− , and Pn+ A+ denote
the viscous force, the pressure force along the wetting/nonwetting interface (or nonwetting/wall
interface), the oscillatory force, the capillary force at the rear meniscus, and the capillary force at
the front meniscus, respectively. Pn− and Pn+ are the capillary pressure of the nonwetting fluid at the
rear and front menisci, respectively, and A− and A+ are the cross-sectional areas of the tube at the
contact lines of the rear and front menisci, respectively.
To solve the momentum balance equation [Eq. (2)], we expressed each term as a function of h,
which represents the position of the three-phase contact line at the front meniscus, and solve for h.
In the following discussion, we show how each term in Eq. (2) can be expressed as a function of h.
The integration of the left side of Eq. (2) gives the total change of the momentum of the droplet
with respect to time. The volume of the droplet can be divided into three portions, i.e., the rear
hemisphere, the cylindrical region, and the front hemisphere. The shape of the meniscus varies
with the frequencies that are applied. Higher frequencies cause deviation of the spherical meniscus.
Because high-frequency waves attenuate rapidly in the subsurface [27], their propagation distance is
very limited, and only low-frequency waves can propagate long distance. In this study, the seismic
waves considered were only in the low-frequency regime (less than 100 Hz), and it is thus adequate
to assume that the meniscus has a spherical shape. To calculate the total momentum of the droplet,
v̄n must be known, and this can be obtained from the flow rate of the nonwetting fluid at the contact
line of the front meniscus, which when expressed as function of h is
dh
.
(3)
dt
Given that the volumetric flow rate is constant at any cross section of the nonwetting fluid at a
specified time, the cross-sectional mean velocity at position x is
Qn = π λ2 (h)

v̄n (x) =

λ2 (h) dh
,
λ2 (x) dt

(4)

where dh/dt is the velocity at the front meniscus. Denoting the position of the rear three-phase
contact line as x0 , the cross-sectional mean velocity at the rear meniscus is expressed as dx0 /dt.
If we denote the position of the front contact line as h, then its initial value is determined by the
balance of the initial difference in the stationary capillary pressure at front and rear menisci with an
imposed pressure difference at the entrance and exit (see Fig. 1). The position of the rear contact
line is denoted as x0 . The volume of the nonwetting droplet at the initial equilibrium state can be
calculated as
V0 =

2π 3
2
(−L − x0 ) + π
r + π rmax
3 max

h
−L

λ2 (x)dx +

π H (h)
[3λ2 (h) + H 2 (h)],
6

(5)

where the terms on the right-hand side are the volume of the spherical cap at the rear meniscus,
the volume enclosed in the flat range between x0 and –L, the volume in the curved region, and
the volume of the spherical cap at the front meniscus. H(h) is the height of spherical cap at front
three-phase contact line, referring to Eq. (A3) in the Appendix. Substituting Eqs. (4) and (5) into
083604-5
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the momentum variation rate term in Eq. (2), the rate of change of momentum becomes [referring
to Eq. (A7)]
ρn

d
dt

v̄n dV = π ρn λ2 (h)
V

2
3 + g2 (h) dh
π rmax + h − x0 + λ(h)g(h)
3
6
dt

+ π ρn λ2 (h) 1 −

λ2 (h)
λ2 (x0 )

dh
dt

2

.

(6)

The viscous force at the interface of the nonwetting fluid and the wall of the tube can be calculated
by the transient velocity of the nonwetting fluid. If the capillary tube is subjected to vibratory
excitation with acceleration a(t ), then the dynamic behaviors of the two fluids in the capillary
tube follow the Navier-Stokes equation. Assuming that the motion of the fluid has a low velocity,
a linearized flow equation can be solved to attain the transient velocity within a tube that has a
constant cross-section (radius R) [28]:





J0 i3/2 ξrk
∇Pk (ω)
−iωt
(k = n, w),
vk (r, t ) = Re
(7)
1 −  3/2 R  e
ρk ω
J0 i ξk
where vk (r, t ) is the transient velocity of the fluid (k = n, nonwetting phase; k = w, wetting phase)
relative to the oscillatory capillary tube; Re{·} is the real part of a complex number; ∇Pk (ω) is the
external background pressure gradient in the nonwetting fluid or the wetting fluid (the combination
of the viscous pressure
√ gradient and the inertial oscillatory force in this case) in frequency domain;
ξk , which is equal to μk /ρk ω, is the viscous penetration depth, where μk is the dynamic viscosity
of the nonwetting fluid or the wetting fluid, and ω is the angular frequency of the imposed excitation;
and J0 is the Bessel function of zero order. When ω = 0, J0 correctly reduces to the well-known
parabolic velocity profile for Poiseuille flow. Note that the wall of the tube is curved in the
constricted region, which is incompatible with the assumption of a constant cross-section of the flow
min
tube in [Eq. (7)]. But when the slope of the wall profile is small (i.e., rmax −r
 1), the form of
L
the velocity in Eq. (7) from the assumption of a constant cross-section tube is valid in the geometry
of tube from Eq. (1). In this sense, R in Eq. (7) can be set to λ(x) from Eq. (1). The phase lag
between the imposed excitation and response of the fluid velocity is incorporated in the imaginary
component of Eq. (7).
The shear stress in the nonwetting fluid (k = n) can be calculated as shown:




∂vn (r, t ) 
i3/2 λ(x)∇Pk (t ) J1 i3 ω/ωcn

τ = μn
= Re
(8)

 ,
∂r r=λ(x)
ω/ωcn
J0 i3 ω/ωcn
where
ωck =

μk
ρk λ2 (x)

(k = n, w).

(9)

The term ωck in Eq. (9) is the characteristic frequency, and ω/ωck in Eq. (8) is the dimensionless
frequency.
Integrating Eq. (8) along surface area from x0 to h, the shear force in the nonwetting fluid phase
is
dh
Fx = −2π λ2 (h)ρn ωH1 (h) ,
(10)
dt
where H1 (h) is a geometric factor caused by constriction, referring to Eq. (A16) in the Appendix.
Due to the existence of a wetting film layer and the sinusoidal profile of the wall, the pressure
at the wetting/nonwetting interface imposes a longitudinal component to the nonwetting droplet.
The effect of this term on the motion of the nonwetting fluid was discussed by Beresnev and Deng
083604-6
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[29]. To calculate this pressure, we must know the distribution of the pressure in the nonwetting
fluid, and it can be calculated from the flow rate. It is noted that pressure gradient in the flow
rate formula [referring to Eq. (A12) in the Appendix] is the sum of viscous pressure gradient and
oscillatory fictitious force [−ρn a(t )] induced by excitation. The viscous pressure gradient can be
extracted and expressed as relation to oscillatory fictitious force and flow rate. After integration
along the longitudinal direction in the nonwetting phase, the pressure distribution at position x can
be calculated as
dh
P(x, t ) = Pn− (t ) − ρn ωλ2 (h) H2 (x) − ρn a(t )(x − x0 ),
(11)
dt
where H2 (x) is a geometric factor, referring to Eq. (A20) in the Appendix. Pn− (t ) is the pressure of
the nonwetting fluid at the rear meniscus. As an counterpart, the pressure of the nonwetting fluid at
the front meniscus is denoted as Pn+ (t ).
The pressure force along the nonwetting/wetting interface can be calculated by integrating the
longitudinal component of the pressure distribution along the interface area [30],
Fp =

h

P(ζ , t )2π λ(ζ )λ (ζ )dζ .

(12)

x0

Substituting Eq. (11) into Eq. (12), the pressure force becomes
dh
H3 (h) − π ρn a(t )(h − x0 )λ2 (h) + π ρn a(t )H4 (h),
dt
(13)
where H3 (h) and H4 (h) refer to Eqs. (A24a) and (A24b) in the Appendix.
According to Deng and Cardenas [11], the oscillatory force in the nonwetting fluid is given by
Fp = π Pn− (t )[λ2 (h) − λ2 (x0 )] − 2π ρn ωλ2 (h)

Fa =

−ρn a(t )dV = −π ρn a(t ) · H4 (h).

(14)

V

The capillary pressure at the front and rear menisci is the difference in the pressures on the two
sides of the meniscus:
Pc± (t ) = Pn± (t ) − Pw± (t ),

(15)

where Pc± (t ) is the capillary pressure at front and rear menisci. Pw± (t ) is the pressure of the wetting
fluid, at front and rear menisci.
In Eq. (15), the capillary pressure at the meniscus follows Young-Laplace equation:
2σ
,
λmen (h)
2σ
Pc− (t ) =
,
λmen (x0 )
Pc+ (t ) =

(16a)
(16b)

where σ is the interfacial tension.
In addition, in Eq. (15), Pw− (t ) can be calculated from entrance pressure Pw1 in region I (see
Fig. 1) and Pw+ (t ) can be calculated from exit pressure Pw2 in region III (see Fig. 1), respectively.
In this regard, we can obtain the pressure of the nonwetting fluid at the rear and front menisci, as
follows:
Pn− (t ) = Pw1 − ρw a(t )(x0 − L1 ) − ρw ωλ2 (h)

dh
dt

dh
Pn+ (t ) = Pw2 + ρw a(t )(L2 − h) + ρw ωλ2 (h)
dt

x0
L1
L2
h

083604-7

1
2σ
   dx +
,
λmen (x0 )
λ2 (x)Re ih ωωw

(17a)

1
2σ
  ω  dx +
.
2
λmen (h)
λ (x)Re ih ωw

(17b)

c

c
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The difference in the external pressure between the entrance and the exit is set at a constant value,
i.e.:
Pe = Pw1 − Pw2 = const.
(18)
The external forces are calculated, respectively, as
Pn− A− = π λ2 (x0 )Pn− (t ),

(19a)

Pn+ A+ = π λ2 (h)Pn+ (t ).

(19b)

Substituting terms from Eqs. (10), (13), (14), (19a), and (19b) into Eq. (2) results in the following
momentum balance equation:
ρn

dh 2
2
λ2 (h)
3 + g2 (h) d 2 h
dh
1
−
λ(x0 ) + h − x0 + λ(h)g(h)
+
ρ
+ 2ρn ω · H1 (h)
n
2
2
3
6
dt
λ (x0 )
dt
dt


x0
L2
1
1
dh
  ω  dx +
   dx
= Pe − Pc − ρw ωλ2 (h)
2
2
dt L1 λ (x)Re ih ωw
λ (x)Re ih ωωw
h
c

c

dh
− ρn a(t )(h − x0 ) − ρw a(t )(x0 − L1 + L2 − h),
(20)
dt
where the explicit forms of H1 (h), H2 (h), and H3 (h) are from Eqs. (A16), (A20), and (A24a) in the
Appendix, respectively.
Note that this momentum balance equation is in the time domain with the oscillatory flow profile
embedded. For simplicity, harmonic oscillation with a single frequency is used in this section:
− 2ρn ω × H3 (h)

a(t ) = −Asin(ωt ),

(21)

where A is the magnitude of the acceleration, and ω is the angular frequency of the external
excitation.
The momentum balance Eq. (20) can be nondimensionalized by the following dimensionless
variables:
x
h
x0
L1
L2
λ(x)
λmen
x̃ =
, h̃ =
, x̃0 =
, L̃1 =
, L̃2 =
, λ̃(x̃) =
, λ̃men =
,
rmin
rmin
rmin
rmin
rmin
rmin
rmin
t
Pe
ω
μn
ρw
t˜ =
, P̃e = 2
, ω̃ =
, Oh = √
, aρ =
,
2 /μ
2
2
σ
r
ρn
ρ
ρn rmin
μ
/ρ
r
μ
/ρ
r
n
min
n
n min
n
n min
n
aμ =

μw
,
μn

1 (h̃) = H1 (h) ,
H
rmin

2 (h̃) = H2 (h) ,
H
1/rmin

3 (h̃) = H3 (h) ,
H
rmin

Ã =

A
3
μ2n /ρn2 rmin

,

(22)

is the aspect ratio at the constriction of the tube. The specific symbol,
where x = rmax , and x̃ = rrmax
min
, denotes this aspect ratio, i.e.,  = rrmax
. Unless specified otherwise, the tilde is used to make the
min
variables dimensionless.
Then, the dimensionless form of the governing equation is
2
2
d h̃
3 + g2 (h̃) d 2 h̃
λ̃2 (h̃)
1 (h̃) d h̃
λ̃(x̃0 ) + h̃ − x̃0 + λ̃(h̃)g(h̃)
+
1
−
+ 2ω̃H
2
2
˜
˜
3
6
dt
dt
d t˜
λ̃ (x̃0 )

x̃0
1
1
2
d h̃
1
2
   dx
−
a
ω̃
λ̃
(
h̃)
= P̃e −
−
ρ
2
2
Oh λ̃men (h̃) λ̃men (x̃0 )
d t˜ L̃1 λ̃ (x̃)Re ih ω̃ω̃w
c

L̃2
1
3 (h̃) d h̃ + Ãsin(ω̃t˜)(h̃ − x̃0 ) + aρ Ãsin(ω̃t˜)
   dx − 2ω̃H
+
2 (x̃)Re ih ω̃
d t˜
λ̃
h̃
w
ω̃c

× (x̃0 − L̃1 + L̃2 − h̃).

(23)
083604-8
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The important dimensionless parameters are the Ohnesorge number, Oh; the density ratio; aρ ; the
viscosity ratio, aμ ; the entrapment pressure, P̃e ; the amplitude of acceleration, Ã; the excitation
frequency, ω̃; and the geometry of the tube, λ̃(x̃). Oh relates the viscous force to the inertial force
and surface tension forces. The Suratman number, Su = 1/Oh2 , also is used in the dimensionless
governing equations of a nonwetting droplet in oscillation [12].
C. Numerical solution procedure

The dimensionless form of the momentum balance equation is a second-order, nonlinear,
ordinary differential equation. The fourth-order Runge-Kutta method is used to solve the initial
value problem numerically. The initial position of the nonwetting droplet is in equilibrium to the
left of the constriction:
h(0) = ε,

(24a)

x0 (0) = δ,

(24b)

dh(0)
= 0,
dt

(24c)

where ε and δ are the initial positions of the front and rear contact lines, respectively.
The update of x0 (t ) comes from the assumption of the incompressibility of a nonwetting fluid in
the oscillation. For the low-frequency wave, the wavelength is much larger than the length of the
nonwetting droplet, so it is reasonable to assume volume conservation of the droplet. To calculate
the position of the rear contact line, first, the total volume of droplet is calculated by Eq. (5).
The height of the spherical cap formed by the meniscus with the front contact line position, h,
comes from Eq. (A3). The length of the nonwetting droplet is assumed to be long (relative to
the semi-length of the constriction), such that the rear meniscus resides in the straight region of
the tube. This assumption can diminish the effect of the complicated flow pattern in the region
of the meniscus [31,32]. The effect of the size of the nonwetting droplet on the resonance is
discussed in the following section.
The volume of the droplet is calculated by Eq. (5). The transient position of the rear contact line
can be calculated numerically from Eq. (5) by assuming that the nonwetting droplet has a constant
volume.
For this explicit Runge-Kutta scheme, the recommended time step is
t <

1
,
π fmax

(25)

max
is the maximum frequency of the undamped system that was considered, as
where fmax = ω2π
recommended by Balla [33]. To reduce the time required for the computation, an adaptive scheme
is used with the time step in the constraint of Eq. (25). In addition, the bisection method is used to
determine h(t ) at each time step after x0 (t ) has been calculated from Eq. (23).

D. Comparison with CFD simulation

CFD simulation was conducted to validate the transient motion of the droplet in Eq. (23). The
CFD commercial software, FLUENT, was used to make this comparison. The volume of fluid (VOF)
model is used to describe two-phase flow in CFD, and the incompressible Navier-Stokes equation
in CFD describes the dynamics of two-phase flow in the tube:
ρ

∂
v + ρ∇ · (v v ) = −∇ p + μ∇ · (∇ v + ∇ v T ) + F ,
∂t
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where v is the velocity vector; ρ is the density of fluid; μ is the viscosity of fluid; p is the static
pressure; and F is the body force. Based on the VOF method, ρ and μ in Eq. (26) are the volumefraction-averaged density and the viscosity in each cell, respectively. The body force in this study is
sum of the force of the surface of the volume and the oscillatory force:
F = σ κ∇αn − ρ a (t ),

(27)

where σ is the interfacial tension between the nonwetting fluid and wetting fluid in this study; κ is
the curvature of the interface; and αn is the volume fraction of the nonwetting phase, because only
the volume fraction of the secondary phase is solved in the VOF method, and the nonwetting fluid is
set as the secondary phase in this simulation. a(t ) was set to the same value that was used in Eq. (21).
Figure 1 shows the geometry of the model and the initial position of the trapped droplet. The
specific geometric parameters, as was the case in Eq. (1), are: rmax = 2 mm, rmin = 0.5 mm, L1 =
−2 cm, L2 = 2 cm, and L = 1 cm. The initial positions of the front and rear menisci were: ε =
−0.6299 mm and δ = −15 mm. The fluid properties of the two-phase fluid were: σ = 0.05 N/m,
μw = 0.0001 Pas, μn = 0.0001 Pas, ρw = 1000 kg/m3 , and ρn = 1000 kg/m3 . The low viscosity
of two phase is more likely in reservoir condition [34], and it can also make droplet displacement
more notable by diminishing the effect of simulation error. From experimental aspect, experimental
fluid with lower viscosity is also better for the observation of droplet motion. Perfect wetting was
assumed in the preceding theoretical model, so that a 0◦ contact angle was set for the wall with
respect to wetting phase. No-slip boundary at the wall was assumed. The acceleration exerted on
the system was A = 0.1 m/s2 . The choice of this magnitude of acceleration will be explained later.
The numerical solution used the following approaches and setting available in FLUENT: The
pressure based solver, pressure-implicit with splitting of operators (PISO) for pressure-velocity
coupling, least squares cell based for gradient spatial discretization, PRESTO! For pressure spatial
discretization, second-order upwind for momentum spatial discretization, Geo-Reconstruct for
volume fraction spatial discretization, and first-order explicit scheme for temporal discretization.
In addition, adaptive time step method is used to advance simulation. The global courant number is
set to 0.25 and the order of time step size is totally determined by convergence criteria (continuity,
x velocity, and y velocity) herein. First, sensitivity of convergence criteria is conducted in terms
of steady oscillatory amplitude at 12 Hz. The convergence criteria of 10−7 is used in this study as
the onset of negligible change of amplitude with respect to convergence criteria. A quadrilateral
mesh was set for the fluid domain. The VOF model is very sensitive to the size of the mesh at
the interface, and h(t ) is also very sensitive to the size of the mesh near the wall. Therefore, the
meshes used at the interface and near the wall were much finer than the meshes for other regions.
Before imposing oscillatory acceleration on the two fluids, the equilibrium state of the fluids was
reached based on the balance of the pressure difference between the inlet and the outlet and the
difference in the capillary forces of the two menisci. In the preceding specifications, ε and δ are the
positions at the equilibrium state. Pe that was applied in Eq. (18) was 140 Pa, and the calculated
capillary pressure difference based on the equilibrium position was 144 Pa. This inequality between
the imposed pressure difference and the calculated capillary pressure difference probably could be
attributed to the size of the mesh and the configuration of the curved wall, which is not a perfect
sinusoidal shape. The error was 2.85% based on this imbalance. A study of the independence of the
mesh also was conducted in terms of steady oscillatory amplitude at 12 Hz to eliminate the effect of a
coarse mesh. The simulated geometry has 50 uniform mesh between 0 < r < 0.45 mm at x = 0 mm
and 15 gradual varying mesh near the boundary wall 0.45 mm < r < 0.5 mm at x = 0 mm. It was
noted that the use of a mesh that was too fine along the boundary wall brought the water film layer
out in the oscillation, which was ignored in the theory in Eq. (23). Therefore, the mesh cannot be
too fine in the model. This computational error also imposed a constraint on the selection of A. If A
is too small, then the computational error would dominate the applied excitation of the system.
Then, harmonic acceleration with amplitude A = 0.1 m/s2 and frequency f = 6 Hz were imposed on the fluid domain. The same parameters were used in Eq. (23) to solve h(t ). Figure 2 shows
h(t ) from the CFD simulation and the theoretical model in Eq. (23). For the forced oscillation, h(t )
083604-10
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FIG. 2. Comparisons of the displacement of the nonwetting phase with the theoretical model and
the CFD simulation: (a) the frequency was f = 5 Hz; (b) the frequency was f = 0 Hz; and (c) the
frequency was f = 12 Hz. The solid line denotes the result of the CFD simulation, and the dashed line denotes
theoretical result.

has two parts, the transient state and steady state. The transient state is the response due to initial
condition and decays progressively due to damping as time proceeds. The steady state sustains in
the oscillation system as time goes by. The transient state of the oscillation was not analyzed in this
study. For the steady state, the theoretical amplitude and phases of the oscillation and those of the
CFD simulation were close to each other, which validated the theoretical model in Eq. (23) for these
scenarios.
Specifically, the comparison of the displacement between the theoretical model and the CFD
simulations at these three frequencies shows minor differences in the transient state (i.e., the initial
several cycles), but it shows fairly good agreement in the steady state. The oscillations in the
transient state consist of a combination of forced and free oscillations. The transient state is very
sensitive to the damping in the system. The calculation of viscous force in the convergent-divergent
part is simplified, leading to differences between the theoretical model and the CFD result. In
addition, the intrinsic error in the CFD simulation at steady state (pressure difference of 4 Pa), as
indicated above, also contributes to this difference in the transient state. Considering these adverse
effects, the transient state was not analyzed in this study. It is customary to use the steady-state
response to analyze resonance in the linear oscillator in any case. We examined the oscillation at
steady state to obtain additional analysis of the resonance of the oscillatory flow system.
After validation at three frequencies (5, 10, and 12 Hz) at the acceleration amplitude of 0.1 m/s2 ,
a series of cases with different driving frequencies also were computed and compared. For ease
of comparison, Fig. 3(a) shows the amplitudes of the output displacement based on the theoretical
model and the CFD results at steady state. Eq. (23) was used to calculate 100 individual points in
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FIG. 3. Comparison of (a) amplitude and (b) central position of the output displacement at steady state
between the theoretical and CFD results. The blue line with circles shows the results of the CFD simulation,
and the circles represent CFD data; the black line shows the theoretical results. The horizontal dashed line
in (b) corresponds to the initially stationary center at ε = −0.6299 mm. The amplitude of the acceleration is
A = 0.1 m/s2 . The theoretical results were acquired from 100 points in the interval between 1 and 20 Hz. The
ultimate position at steady state is the sum of amplitude in (a) and the center position in (b). If this position is
positive, then overshoot occurs.

the time domain in the interval between 1 and 20 Hz. The frequencies that corresponded to the peak
of the curve for the theoretical result and the CFD result were both 6 Hz. Figure 3(a) shows that the
theoretical and CFD results matched well before 5 Hz and after 10 Hz. The discrepancy between
the theoretical results occurred mainly between 5 and 10 Hz, which represents the frequency range
at which resonance occurred. In the case in which the output displacement had a large amplitude,
simplifications of the development of Eq. (23) could cause some error, and this error is amplified
when resonance occurs, thereby causing a discrepancy. Recall that the initial position of the front
meniscus was at ε = −0.6299 mm, and the large amplitude of the output displacement in Fig. 3(a)
causes overshooting the narrowest throat, i.e., the front meniscus passes the narrowest throat, and the
overshoot occurs between 5 and 10 Hz. Overall, this theoretical model provides a good depiction
of the oscillation of the droplet if the front meniscus always is oscillating in the left side of the
narrow throat. Some error is induced when the overshoot occurs during the oscillation. In addition,
Fig. 3(b) also shows the positions of the centers of the oscillations at different frequencies. The
central position represents the equilibrium position of oscillation at the steady state. It is important
to note that the equilibrium positions also are closer to the origin of the coordinates near the
frequency range that has a significant increase in amplitude (i.e., from 5 to 10 Hz). That means
the amplified displacement drives the oscillation center towards the narrowest throat, not to a fixed
position as occurs in a forced harmonic oscillator. At frequencies greater than the amplified range,
i.e., frequencies greater than 10 Hz, at steady state, the center of the oscillation of the front meniscus
remains at position ε, which initially was the stationary meniscus location.
Overall, the agreement between the theoretical model and the CFD results was good for small
oscillations, but there were some minor errors when resonance occurred. In small oscillations, due
to the unaltered oscillatory center of the front meniscus, the oscillation system can be analyzed
approximately by an analogy to the forced harmonic oscillator. This approximate analysis is used in
the following section to analyze the resonance of the system.
III. RESONANCE ANALYSIS

The dimensionless momentum balance equation Eq. (23) describes the transient motion of the
nonwetting fluid in the tube. In this paper, it is the first time to use this equation based on fluid
083604-12
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momentum balance to analyze the resonant behavior in the oscillatory flow in the time domain.
Because it is a second-order nonlinear equation of h(t ), it is impossible to obtain an analytical
solution for h(t ). However, based on our analysis in Sec. II D, this nonlinear oscillator can be
approximated as a linear system when the oscillation is small, which means it can be approximated
by an analogy to a forced harmonic oscillator system. In this linear oscillatory system,
..

mx + bẋ + kx = F sin(ωt ),

(28)

where m is the mass; b is the damping coefficient; k is coefficient of recovering force; F is the
amplitude of harmonic loading; ω is the angular frequency of the external excitation; t is the
elapsed time after the external excitation starts. This equation is formulated in the time domain. To
|x|
is defined as the absolute
characterize the resonance of this mechanical system, the ratio r = |F/m|
value of the frequency response function, which can be used to describe the response at steady state.
The numerator is the amplitude of the output displacement at steady state, and the denominator is
the amplitude of the input acceleration imposed on the system. This ratio is useful in determining
in the two-phase
the resonance of the linear oscillator. As an analogy, the ratio is found to be r = |h|
A
oscillatory fluid system in this study. The numerator is the amplitude of h(t ) at steady state, and A
is the amplitude of the acceleration. The value of h(t ) can be determined by the numerical method
in Sec. II C, and A is specified for the oscillatory system in this study.
To facilitate the analysis in the following subsections, the characteristics of Eq. (28) are illustrated
in advance. Two damped regimes can be identified, i.e., overdamped and underdamped regimes. If
b2  4km, then the system is in the overdamped regime, and there is no resonance in this condition.
If b2 < 4km, then the system is in the underdamped regime, and resonance can occur. In this
condition, the explicit form of r is as follows:
r = 
k
m

− ω2

2

1
+

 b 2
m

ω2

1/2 .

(29)

In addition, the damped resonant frequency is
ω=

k
b2
−
m 2m2

1/2

.

(30)

A. Base case analysis

The transient motion of the droplet described by Eq. (23) is determined by several dimensionless
parameters such as the Oh number, viscosity ratio, density ratio, and aspect ratio, and other
factors such as the initial position and the amplitude of the acceleration. Thus, the behavior of the
resonance is affected by these parameters, and to analyze the dependence of resonance on these fluid
properties and geometric parameters, first, we examined the basic case by specifying the appropriate
parameters.
Take some values as a base case for the dimensionless parameters in Eq. (23):  = 4, L̃ =
20, L̃1 = −40, L̃2 = 40, x̃0 = −30, h̃ = −1, aρ = 1, aμ = 1. The external pressure difference
is related to the initial position of the front meniscus, i.e., h̃ in a dimensionless form. Since the h̃
is specified, the external pressure difference can be determined based on the geometry of the tube.
The dimensionless amplitude of excited acceleration is Ã = 1.25. At this acceleration, the front
meniscus in the oscillation does not overshoot the narrowest throat. For a tube with a diameter in
the millimeter scale, a reasonable setting for the Oh number is 0.0051 [35]. In this scenario, Fig. 4(a)
presents r versus f˜. If the maximum of r occurs as f˜ → 0, then it indicates the overdamped regime
of the oscillatory system. But, in Fig. 4(a), the maximum value of r occurs at f˜ = 2.25, indicating
an underdamped regime of the oscillatory system as an analogy to the forced harmonic oscillator.
The damped resonant frequency of the oscillatory nonwetting phase is f˜ = 2.25.
To justify this analogous analysis, we examined the effect of Ã on the ratio r. For the linear
oscillator described in Eq. (28), the ratio r is independent of the amplitude of the acceleration. For
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FIG. 4. (a) The ratio r with respect to dimensionless exerted frequency f˜ as a comparison reference. The
peak ratio r0 and the associated resonant frequency f˜0 are marked by the circle at the coordinate (2.25, 0.0645)
in the plot. (b) Dependence of the maximum ratio r0 and the resonant frequency f˜0 on the amplitude, Ã, of the
input acceleration. The Ã was selected as 1.25 in following analysis, and it is marked as the upper triangles on
the graph.

this hydrodynamic system, Eq. (23) is a nonlinear function of h̃, which is due to the sinusoidally
shaped constriction in the geometry. This nonlinear property can be inferred from the effect of Ã
on the response. Figure 4(a) shows the peak that denotes the maximum amplification of the output
displacement at the specified conditions. It also is the most likely position to overshoot the narrowest
throat. The peak is denoted as r0 , and the associated dimensionless frequency is denoted as f˜0 .
Figure 4(b) shows the effect of Ã on the peak ratio, r0 , and the associated resonant frequency, f˜0 . The
figure shows the nonlinear dependence of peak ratio r0 and the associated resonant frequency f˜0 on
the amplitude of acceleration Ã. As appropriately analogous to Eq. (28), the peak ratio and resonant
frequency should be independent of the amplitude of the acceleration. Based on the representation in
Fig. 4(b), the points at Ã = 1.25 used in this section are marked as “up triangles.” It is a compromise
between the linear approximation in Eq. (28) and the numerical implementation in Sec. II C. If the
chosen value of Ã is too small, then a numerical error will occur in the explicit scheme of the
iteration. The clear notations of large and small amplitude oscillations in terms of the amplitude
of the acceleration of the excitation are identified by the analogy to the linear oscillator. At small
oscillations of the amplitude, the amplitude of the acceleration should be specified to make the
variations of r0 and f˜0 negligible, but at large oscillations of the amplitude, the amplitude of the
acceleration results in pronounced variations of r0 and f˜0 . The phenomenon of overshooting is
classified in the regime of large oscillations of the amplitude.
B. Effect of dimensionless numbers

To be useful for many applications, a wide range of dimensionless numbers such as the Oh
number, viscosity ratio, density ratio, and aspect ratio was analyzed systematically for the first
time in the study of resonance of droplets. First, the effect of Oh on the r was analyzed. Three
Oh were selected for display in Fig. 5(a). As shown in Eq. (23), 1/Oh2 is the coefficient of the
nondimensionalized surface tension term. An increase in the Oh reduces the effect of surface
tension. It was noted that the net force of the surface tension at the interface was the only restoring
force for the oscillation of the nonwetting droplet. As an analogy to the forced harmonic oscillator
in Eq. (28), the effect of 1/Oh2 is the same as the coefficient of restoring force k. For the forced
harmonic oscillator, with other variables being constant, the decrease of k would decrease the
083604-14
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FIG. 5. Change of amplitude ratio r with respect to the dimensionless excited frequency f˜ under the effect
of (a) Oh number, (b) viscosity ratio, (c) density ratio, and (d) aspect ratio.

resonant frequency but increase the amplitude ratio if the oscillation is in the underdamped regime,
as inferred from Eqs. (29) and (30). In this two-phase fluid system, with the increase of Oh, r
increases, and the resonant frequency decreases as shown in Fig. 5(a), which is consistent with the
forced harmonic oscillator.
As the Oh increases, the r0 shifts to the left. When the condition b2  4km is met, the system is
in the overdamped regime. Figure 5(a) shows that, at Oh = 0.07, when the dimensionless frequency
that corresponds to the peak ratio is f˜ → 0, the oscillatory system becomes overdamped. For the
current setting of geometric parameters and fluid properties as described, the transition point of Oh
number is around 0.0275, which is a critical value that divides the underdamped and overdamped
regimes.
The aμ , is embedded in the dimensionless characteristic frequency ω̃cw in Eq. (23). In Eq. (14b),
the viscosity of the nonwetting phase serves as a basis. In the region occupied by the wetting
phase, the viscosity is nondimensionalized by the viscosity of the nonwetting phase, μw = aμ μn .
Figure 5(b) shows that three cases with different viscosity ratios were considered to investigate the
effect of the viscosity ratio on the resonance. The f˜0 , and r0 decrease as the viscosity ratio increases.
This also can be interpreted by an analogy to the forced oscillator in Eq. (28). Because the Oh
remains constant for the three cases, a larger viscosity ratio means a larger absolute viscosity of the
wetting phase. As the viscosity of wetting phase increases, the damping of system also increases,
which leads to a smaller f˜0 as well as the r0 . The condition of the underdamped regime for the
harmonic oscillator in Eq. (28) is b2 < 4km. As the viscosity of the wetting phase increases, b
increases in Eq. (28). When b2  4km, the resonance vanishes, and the r decreases monotonically
with f˜ in this process. This condition corresponds to the dash-dotted line in Fig. 5(b).
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The aρ appears in both the viscous force term and the acceleration force term of the wetting phase
in Eq. (23). The aρ has little effect on the viscous force since it is included only in H1 (x), which
is a function that is insensitive to the change of aρ in Eq. (A16). When Oh is fixed, the varying aρ
actually means that the density of the wetting fluid is varying. By treating the two-phase fluid as an
oscillator system, the large aρ means that m in Eq. (28) is a large mass. From Eq. (29) and Eq. (30),
the r0 increases and the f˜0 decreases as the mass increases in the system. Figure 5(c) shows the three
sets of data with different aρ that were obtained. This trend of the aρ is consistent with our rational
analysis. The r0 increases and the f˜0 decreases as the aρ increases.
Compared to the analysis of the effects of Oh and aμ , the effect of aρ on the resonant frequency
is small. The resonant frequencies are 2.3, 2.2, and 1.8 for the cases in which the density ratios were
0.1, 0.5, and 1.0, respectively.
The  and L̃ determine the curviness of the constriction. The other properties remain the same
as the basic case, i.e., Sec. III A. When the  varies, the oscillation of the nonwetting phase also
changes. In the limiting case of  = 1, there is no resonance in the system for a perfect wetting
wall due to the lack of a restoring force. As the aspect ratio increases, the pressure force along the
wall against the droplet also increases. At the same time, the rate of change of the curvature of the
front meniscus increases when the front meniscus progressively approaches the pore throat, which
leads to a rapid change in the capillary force at the front meniscus. The net capillary force is a
restoring force before the droplet is mobilized from the pore throat and it determines the oscillation
of a nonwetting droplet. With fixed input (fixed vibration excitation parameters), the r decreases as
the aspect ratio increases, as inferred in Eq. (29). The capillary force increases monotonically as
the aspect ratio becomes larger. Thus, the resonant frequency increases as the aspect ratio increases.
This analysis is consistent with the trend shown in Fig. 5(d). Note that the form of the velocity in
Eq. (7) imposes an upper limit on the aspect ratio. As the aspect ratio increases, the convective term
in the Naiver-Stokes equation cannot be neglected, and the form of the velocity in Eq. (7) becomes
invalid. The analysis of this effect was performed by Landau and Lifshitz [36]. The effect of a small
aspect ratio is analogous to the effect of a small k in Eq. (28). When the value of k is reduced, the
value of the aspect ratio becomes lower than the critical value at which the relationship b2 = 4km
holds, and the current underdamped regime shown in Fig. 5(d) would transition into the overdamped
regime.
C. Effect of nonlinearity

Besides the dimensionless numbers determined by the properties of fluids and tube geometry,
other factors, such as initial position of meniscus and acceleration amplitude, can also affect the
resonant behaviors in a nonlinear feature of the resonance. The varying initial position of the front
meniscus, ε, should have an influence on the capillary force of the droplet. Due to the sinusoidal
geometry of the constriction, the variations of the capillary force with respect to ε are nonlinear.
However, Ã is embedded in the driving force F in Eq. (28), which should have no effect on
the resonance of the oscillator system in terms of the response function for the linear oscillator.
However, as shown in Fig. 4(b), this two-phase fluid oscillatory system is nonlinear, and r0 increases
as the amplitude of the acceleration increases, and f˜0 decreases as the amplitude of the acceleration
increases. This nonlinear feature is attributed to the sinusoidal geometry of the constriction. In the
following, we analyze the nonlinear behavior of droplet resonance with respect to ε and Ã.
Referring to Eqs. (16a) and (16b), the dimensionless capillary pressure difference between two
menisci is
P̃c (ε̃) =

1
2
1
,
−
Oh2 λmen (ε̃) λmen (x̃0 )

(31)

where the radius of curvature of the wall, λmen (x), is defined in Eq. (A2). The rear meniscus is
located in the flat region of wall, and x̃0 = −30 is fixed. This implies that λmen (x̃0 ) is constant when
the oscillations of the droplet are small. Assuming that the oscillations are small, the variation of
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the capillary pressure difference in Eq. (31) can be linearized by
P̃c (ε̃ + h̃) − P̃c (ε̃) ≈

−1 dλmen (x)
2
Oh2 λ2men (x)
dx

.

(32)

x=ε̃

In Eq. (32), a linear approximation is used to linearize the variation of the capillary pressure with
respect to a small longitudinal displacement, h̃. Note that the coefficient k in Eq. (28) is analogous
to the spring stiffness, i.e.,
k=

−1 dλmen (x)
2
2
2
Oh λmen (x)
dx

.

(33)

x=ε̃

To solve the specific form of Eq. (33), additional dimensionless parameters are defined as ξ ± =
(1 ± 1 ) in Sec. II B. In addition, ε is in the sinusoidal region, and ε∗ = L̃ε̃ is defined to depict
the relative position of h̃ to the L̃. By substituting these new defined parameters into Eq. (33), we
obtained
π
2

k=

2
f (, L̃, ε∗ ),
Oh2

(34a)

2−2
−ξ − sin(π ε∗ )
π2
f (, L̃, ε ) =
2
+
−
∗
L̃ [ξ − ξ cos(π ε )]
∗


L̃

2  2
ξ − cos(π ε∗ ) + L̃ ξ + ξ − cos(π ε∗ )
,
2 3/2


1 + L̃ ξ − sin(π ε∗ )

(34b)

where f (, L̃, ε∗ ) means a geometric function.
The merit of expressing spring stiffness k in Eq. (34a) is the separation of Oh and the geometric
parameters. The effect of Oh was analyzed in Sec. III B, and it can be confirmed further by the
mathematical expression in Eq. (34a). Here, the effects of the geometric parameters are emphasized,
especially when ε∗ in Eqs. (34a) and (34b) incorporates the initial position of the front of the
meniscus.
Keeping other geometric parameters the same as in the base case in Sec. III A, Fig. 6(a) shows the
variation of f (, L̃, ε∗ ) with respect to ε∗ . As the figure shows, the geometric function f (, L̃, ε∗ )
is not monotonic. When −0.2 < ε∗ < 0, this function decreases as ε∗ decreases, and, when −1 <
ε∗ < −0.2, this function increases as ε∗ increases, and the same trend occurs for k with respect to
ε∗ . In this analysis, we selected three initial positions of the front meniscus, i.e., ε̃ = −0.5, ε̃ = −1,
and ε̃ = −2. It is noted that ε∗ = L̃ε̃ . Their corresponding ε∗ values were −0.025, −0.05, and −0.1,
respectively. They are marked with circles in Fig. 6(a). It is noted that all of them occurred in the
decreasing region. From ε̃ = −0.5 to ε̃ = −2, the k increased as ε∗ increased. Therefore, based on
the formulas in Eqs. (29) and (30), r0 decreases and f˜0 increases.
Three sets of numerical experiments were conducted at these three initial positions based on
Eq. (23), and Fig. 6(b) shows a graph of the ratio versus the frequency. The trends of the peak
ratio and the resonant frequency comply with the analysis from Eqs. (34a) and (34b). If the initial
positions are in the increasing region, as shown in Fig. 6(a), then the trends of the peak ratio and the
resonant frequency are expected to reverse.
In a small oscillation (i.e., Ã is small) as shown in Fig. 4(b), the dependence of both r0 and f˜0 on
Ã is approximately linear, which makes linear analysis feasible in this section. When the oscillation
is large, r0 versus Ã and f˜0 versus Ã become nonlinear, and the coefficients k and b in Eq. (28) are
amplitude-dependent variables, rather than constants. The qualitative dependence is of great interest
to approximately apply linear analysis in Eq. (28) for large oscillations.
Because the total mass in the control volume (region enclosed by L1 and L2 ) is constant, the
amplitude of the acceleration has no effect on the total mass of the oscillatory system. In addition,
k varies with the amplitude of the acceleration. With the initial position of the front meniscus fixed,
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FIG. 6. (a) The geometric function f (, L̃, ε∗ ) with respect to ε∗ ; (b) the r with respect to f˜ at three
dimensionless initial positions of the front of the meniscus, which are marked correspondingly as circles in (a);
(c) variation of k with respect to relative displacement; (d) the r with respect to f˜ at the different dimensionless
amplitudes of acceleration.

based on Eq. (31), the variation of capillary pressure can be expressed as
P̃c (ε̃ + h̃) − P̃c (ε̃) =

1
2
1
,
−
2
Oh λmen (ε̃ + h̃) λmen (ε̃)

(35)

where ε̃ is −1 compared to the preceding section in which the effect of the initial position was
analyzed on the basis of small oscillations. Here, the initial position was fixed, and the amplitude
of the oscillation was analyzed. Thus, the linearized theory in Eq. (32) cannot be applied. Based
on numerical calculation, the ratio of capillary pressure difference to longitudinal displacement,
P̃c /h̃, was calculated. Following the analogy to a spring, the term P̃c /h̃ is equivalent to k.
To illustrate this point better, the ratio of the relative displacement to the initial position, h̃/ε̃,
is presented to describe the amplitude of the displacement of the output, and Fig. 6(c) shows the
result, which indicates that k decreases as the amplitude of the acceleration increases. The viscous
term b can be calculated from Eq. (10), and the coefficient of dh/dt has little dependence on h.
The effect of large oscillations can be analyzed by an analogy with the linear oscillator in Eq. (28)
given the constraint that k is a function of x, as shown in Fig. 6(c). Therefore, as k decreases with
the increasing Ã, r0 increases and f˜0 decreases in Eqs. (29) and (30). This is in agreement with the
trend in Fig. 5. Figure 6(d) shows the full range of the curve at the three amplitudes of acceleration,
and it shows that there was little influence on the magnitude of the acceleration in the frequency
range of f˜ > 4, but there was a pronounced influence in the frequency range of f˜ < 4.
To summarize, the analogy with a linear oscillator was made based on the assumption of small
oscillations. Then, the resonance of the droplet was analyzed by examining the effects of the
dimensionless parameters in Eq. (23). The results showed quantitatively that Oh, viscosity ratio,
083604-18
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aspect ratio, and initial position had significant effects on the shift of the resonance in terms of
r0 and f˜0 whereas density ratio and the amplitude of acceleration had limited influences. In a real
porous medium, such as geologic media, the geometry of the fluid tube can be quite variable. The
dispersed droplets will also have various sizes. Thus, it is likely that the resonance requirement could
be easily met in terms of the properties of the fluid and the tubes. Resonance can therefore be used
as an effective way to detect dispersed droplets in porous media by using natural or purposefully
generated seismic waves.
IV. DISCUSSION
A. Improvement of current model

The dimensionless governing Eq. (23) is established on the parabolic velocity profile in Eq. (7)
min
where slight constriction (i.e., rmax −r
 1) holds. The validity of this assumption and proposed
L
improvement is discussed in this section. In relation to structure of porous media, rmax is equal to
spherical radius inscribed in individual pore body and rmin is equal to spherical radius inscribed at
pore throat, and 2L is equal to pore throat total length between adjacent pore bodies. These tomography parameters can be extracted from pore network extraction modeling [37]. The tomography
parameters for boom clay by x-ray μ-CT are rmax = 6.0 μm, rmin = 4.57 μm and L = 14.35 μm
min
in average [38]. In this regard, the rmax −r
= 0.099 holds and the slight constriction is satisfied.
L
However, this calculation is in statistically average sense and some pore body connections could
violate the assumption of slight constriction. It is necessary to improve this analysis to severely
constricted tube.
To simplify the analysis, only single phase Newtonian fluid through constricted segment (−L <
x < L in Fig. 1) is analyzed. When the slope of constriction is not small, the Hagen-Poiseuille
equation [Eq. (3)] becomes invalid. Pressure and velocity are found to have significant radial
components and even flow reversal emerges at the diverging part of constriction [39]. The mean
pressure difference p, pressure difference averaged over the cross section at x = −L and x = L,
is defined to illustrate the pressure drop in constriction. When slight constriction holds, the relation
of pressure and flow rate follows Hagen-Poiseuille equation in constriction, that is [40,41],
p = −

μQL[2(rmax + rmin )3 + 3(rmax + rmin )(rmax − rmin )2 ]
.
π (rmax rmin )7/2

(36)

When the constriction is severe, the relation of pressure drop and flow rate is modified from
Eq. (47) of Sisavath et al. [41]:
μQL[2(rmax + rmin )3 + 3(rmax + rmin )(rmax − rmin )2 ]
π (rmax rmin )7/2


16π 2 rmax − rmin 2 (rmax + rmin )2 − (rmax − rmin )2
× 1+
.
3
4L
2(rmax + rmin )2 + 3(rmax − rmin )2

p = −

(37)

It is noted that Eq. (37) have good agreement (less than 10% error) with numerical simulation
min
≈ 0.6 and would overestimate pressure drop after that value by referring Fig. 8 in
until rmax −r
L
Sisavath et al. [41]. It also shows that Hagen-Poiseuille equation is valid (less than 10% error) if
rmax −rmin
< 0.1. In comparison with Eqs. (36) and (37), the difference of pressure drop for two cases
L
min
lies the term in square brackets in Eq. (37). If rmax −r
 1, then that term becomes 1, making
L
rmax −rmin
Eqs. (36) and (37) the same. If
is not too small, then that term causes excessive pressure
L
drop in constriction than the assumption of Hagen-Poiseuille equation. That term is symbolized
as χ :
χ =1+

−1
4π 2 
2
3(5 − 2 + 5)
L̃
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FIG. 7. The comparison of resonance characteristics of nonwetting droplet in constricted tube under
lubrication approximation and extended lubrication approximation: (a) the peak ratio with respect to aspect
, (b) the associated resonant frequency with respect to aspect ratio
ratio  and slope of curved surface −1
L̃
.
The
solid and dash line denote lubrication approximation and extended
 and slope of curved surface −1
L̃
lubrication approximation, respectively. The black, red, and blue color denote  = 2, 4, 6, respectively.

χ can be treated as geometric correction factor to consider severe constriction. In this way,
following the derivation in Appendix, the governing Eq. (23) is modified by a multiplier χ in each
term having ddh̃t˜ , because these terms are derived from viscous pressure gradient.
The maximum ratio r0 and associated resonant frequency f˜0 are used to describe the difference
 1 and −1
< 0.6. In Eq. (38), both 
of resonance between two geometric conditions: −1
L̃
L̃
−1
and lumped parameter L̃ affect the geometric correction factor χ and hence the resonance
characteristics in new governing equation. Their influence are both considered in this circumstance.
Three aspect ratio ( = 2, 4, 6) are considered and the lower limit of −1
is restrained by half
L̃
wavelength of constriction less than half length of tube. The properties in based case in Sec. III A
are used, except  and L̃, to run the governing Eq. (23) and new governing equation.
The variation of r0 and f˜0 with respect to aspect ratio  and slope of curved surface −1
are
L̃
shown in Fig. 7. The overall difference from lubrication approximation (solid line) and extended
lubrication approximation (dash line) is small. This difference becomes noticeable with severe slope
of curved surface and larger aspect ratio. Two lines match well at small slope of curved surface. It
is noted that the droplet size is also varied due to the same h̃ and x̃0 as based case in Sec. III A. This
also contributes to the nonlinear trend of curves in Fig. 7. Overall, the lubrication approximation
[Eq. (7)] can be used to describe resonance of nonwetting droplet in a little severely constricted
tube ( −1
< 0.6) with good agreement.
L̃
B. Effect of wettability

When a stationary droplet trapped in constricted tube is subjected to external oscillation, two
menisci first oscillate with pinned contact line. When the external oscillation is large enough to
mobilize the contact line, the entire droplet starts to oscillate and contact line could slide on the
surface with a constant contact angle (θ ). In this circumstance, the previous analysis considers
the limiting condition of perfect wetting (θ = 0◦ ). The conditions with partial wetting (θ = 25◦ ,
50◦ ) are also discussed in this part. Contact angle mainly affects the capillary force in Eqs. (16a)
and (16b). Capillary force, as the driving force for the oscillation, can be reduced at partial
wetting conditions. The strength of resonance is expected to be reduced at partial wetting. With
consideration of θ , the governing Eq. (23) is run to show the influence of wettability on resonance
083604-20
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FIG. 8. The effect of wettability on the resonance curve in based case.

characteristics in Fig. 8. Compared to perfect wetting, curve for partial wetting has a remarked shift
and lower peak ratio r0 and larger resonance frequency f˜0 . This follows the same trend with Fig. 6(b)
and both are attributed to reduction of capillary force. Another interesting point in Fig. 8 is small
difference between partial wetting (θ = 25◦ , 50◦ ). It indicates the slight influence of contact angle
at partial wetting condition on the resonance characteristic. This can help ease wettability control in
laboratory experiments to observe oscillation of nonwetting droplet. It makes further experimental
validation viable.
V. SUMMARY AND POTENTIAL APPLICATION

The oscillation of nonwetting droplet in constricted capillary tube has been analyzed in response
to external excited waves. A hydrodynamic theoretical model based on the moving-boundary control
volume concept and the oscillatory velocity profile was developed in this model to describe the
resonance of droplet. This theoretical model was well validated against the CFD simulation in both
time and frequency domains. The influence of surrounding fluid was also incorporated in this model.
By the theoretical model, the frequency and amplitude of droplet in oscillation is characterized.
Their dependence on Oh, viscosity ratio, density ratio, aspect ratio, amplitude of excited waves,
and background pressure drop was quantitatively and systematically identified. It was found that
fluid properties of surrounding fluid have most importance on resonance of droplet. In addition,
two factors, which are the initial position of droplet front meniscus and excitation amplitude, were
investigated for their nonlinear effect on the resonance of droplet in a constricted capillary tube.
The resonance studied in this paper could be relevant to the direct detection of hydrocarbon
reservoirs, where hydrocarbon deposits are observed distinctly in seismic reflections only at the
dominant frequency, which always is a low frequency (less than 12 Hz). Oscillation of gaseous
inclusions or oil ensures the transfer of energy to the dominant frequency, which is determined by the
resonance of the gas bubbles or oil in the porous media. In addition, the large amplitude oscillation
that we studied is related significantly to the mobilization of droplets. Mobilization of droplets is
relevant to enhanced oil recovery, and it has been demonstrated to have increased efficiency in the
presence of acoustic stimulation. Due to long length of the penetration, both the low-frequency
active and passive seismic waves can be used as efficient ways to unplug the occluded throats of
the pores [42,43]. In addition, the results in this study may be applicable to other oscillatory flow
in capillary tubes in industrial operations. Examples include filtration [44], flow in packed beds
083604-21

CHAO ZENG, WEN DENG, AND M. BAYANI CARDENAS

FIG. 9. Schematic of nonwetting droplet trapped in the constricted tube, as part of Fig. 1. The geometric
parameters are annotated. The black dots mark the locations of corresponding pressure which are listed at
bottom.

[45], and blood flow in arteries [3]. As stated earlier, resonance does not occur in a flat tube. The
resonance and associated active wave signals may be used in the detection of stenosis in arteries and
hydrocarbon prospecting.
ACKNOWLEDGMENTS

This material is based upon work supported by the University of Missouri Research Board at the
University of Missouri system and TOPRS Tech Co LTD. Additional support was provided by the
Geotechnical Engineering program of Missouri University of Science and Technology.
APPENDIX

The detailed derivation of some terms in Eq. (2) is presented in this Appendix. First, Eq. (2) is
copied here as Eq. (A1). All following derivation refers to Eq. (A1).
ρn

d
dt

V

v̄n dV = Fx + Fp + Fa + Pn− A− − Pn+ A+ .

The radius of curvature for a meniscus at the three-phase contact line is

λmen (x) = λ(x) 1 + λ2 (x),

(A1)

(A2)

where λ (x) is the first derivative of the longitudinal profile of the tube. λmen (x) at front three-phase
contact line is shown in Fig. 9.
The height of the spherical cap formed by the meniscus with the front three-phase contact line at
x is
H (x) = λmen (x) + λ (x)λ(x) = λ(x)g(x),
where
g(x) = λ (x) +



1 + λ2 (x).

(A3)

(A4)

The volume of nonwetting droplet is composed of four parts schematically separated by vertical
dashed lines in Fig. 9. The volume can be calculated as
V0 =

2π 3
2
(−L − x0 ) + π
r + π rmax
3 max

h
−L

λ2 (x)dx +
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Combining with cross-sectional mean velocity in Eq. (4), the total momentum in these four parts
is
2
dh
dh π
dh
π ρn rmax λ2 (h)
+ π ρn (h − x0 )λ2 (h)
+ ρn H (h)[3λ2 (h) + H 2 (h)] .
3
dt
dt
6
dt
V0
(A6)
This results because the front meniscus is in the constriction, and the rear meniscus is located in
the flat segment. For the small oscillations of a droplet in each time step, the displacement at the
front meniscus is small, and, hence, an approximation is made in the derivation of rate of change
of momentum by assuming that λ(h) and H (h) are constant within each time step. Based on these
assumptions, the rate of change of momentum is
ρn

v̄n dV =

ρn

d
dt

v̄n dV = π ρn λ2 (h)
V

2
3 + g2 (h) dh
π rmax + h − x0 + λ(h)g(h)
3
6
dt

+ π ρn λ2 (h) 1 −

λ2 (h)
λ2 (x0 )

dh
dt

2

.

(A7)

The velocity profile in capillary tube with constant cross-section in response to external excitation
a(t ) is





J0 i3/2 ξrk
∇Pk (ω)
vk (r, t ) = Re
(A8)
1 −  3/2 R  e−iωt (k = n, w).
ρk ω
J0 i ξk
For the constricted tube in Fig. 1, with the assumption of small slope at the constriction (i.e.,
 1), Eq. (A8) is also valid. In this sense, the transient velocity profile of nonwetting and
wetting phase are obtained by setting R to λ(x) in Eq. (A8). The cross-section mean velocity can be
calculated as


 3/2 λ(x) 
∫ vk (r, t )2π rdr
∇Pk (ω) J2 i
ξk
−iωt
(k = n, w).
(A9)
= Re −
v̄k (t ) =

e
π λ2 (x)
ρk ω J0 i3/2 λ(x)
ξk
rmax −rmin
L

When ∇Pk (ω) is a pressure gradient in frequency domain, the velocity also can be expressed as


ω
∇Pk (ω)
(A10)
h k e−iωt (k = n, w),
v̄k (t ) = Re
ρk ω
ωc
where
ω
h k
ωc



J2 i3 ω/ωck
= −    (k = n, w),
J0 i3 ω ωck
μk
(k = n, w).
ωck =
ρk λ2 (x)

(A11a)
(A11b)

The term ωck in Eq. (A11b) is the characteristic frequency, and ω/ωck in Eq. (A11a) is the
dimensionless frequency.
The flow rate can be calculated from the mean velocity:


∇Pk (ω)
ω
(A12)
Q(t ) = π λ2 (x)Re
h k e−iωt .
ρk ω
ωc
The shear stress in the nonwetting fluid (k = n) can be calculated as follows:





∂vn (r, t ) 
i3/2 λ(x)∇Pk (ω) J1 i3 ω/ωcn −iωt

τ = μn
= Re
.

e
∂r r=λ(x)
ω/ωcn
J0 i3 ω/ωcn
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The shear force due to the viscous shear stress acting along the wetting/nonwetting interface is
given by the following integration:
h

Fx =

2π λ(x)τ dx.

(A14)

x0

Substituting Eq. (A13) into Eq. (A14), the final expression of shear force in the nonwetting fluid
phase is
Fx = −2π λ2 (h)ρn ωH1 (h)
where


H1 (x) = Re

x
x0

dh
,
dt


 
i3/2 J1 i3 ω/ωcn


 dζ .
ω/ωcn J2 i3 ω/ωcn

(A15)

(A16)

The external pressure in the capillary tube is the sum of the viscous pressure gradient and the
oscillatory inertial force:
k
∇Pk (t ) = ∇Pvisc
(t ) + ρk a(t ),

(A17)

k
∇Pvisc
(t )

where
is the viscous pressure gradient in the wetting/nonwetting phases. The viscous
pressure gradient in the nonwetting fluid can be calculated by Eq. (A12) and Eq. (A17):


i
ρn ωQ(t )
n
Re  ω  − ρn a(t ).
(A18)
∇Pvisc (t ) =
π λ2 (x)
h ωn
c

Note that the velocity and acceleration are changing sinusoidally in sinusoidal motion. The phase
relationship between displacement, velocity, and acceleration is such that velocity is 90◦ out of
phase with acceleration and displacement is 180◦ out of phase with acceleration. In other words,
when displacement is at a maximum, velocity is at a minimum, and acceleration is at a maximum.
For Eq. (A18), the viscous pressure gradient is in the same direction as the acceleration, but it is at
an angle of 90◦ with velocity in the frequency domain. Therefore, an imaginary number, i, is added
in the complex number in the brackets.
Integrating Eq. (A18), the pressure distribution at position x is calculated as
P(x, t ) = Pn− (t ) − ρn ωλ2 (h)
where


H2 (x) = Re

x
x0

dh
H2 (x) − ρn a(t )(x − x0 ),
dt

(A19)


i
  dζ .
λ2 (ζ )h ωωn

(A20)

c

Pn− (t ) in Eq. (A19) is the pressure of the nonwetting fluid at the rear meniscus, shown in Fig. 9.
Pn+ (t ), the pressure of the nonwetting fluid at the front meniscus can be obtained by substituting
x = h:
Pn+ (t ) = Pn− (t ) − ρn ωλ2 (h)

dh
H2 (h) − ρn a(t )(h − x0 ).
dt

(A21)

The pressure force along the nonwetting/wetting interface can be calculated by the form
Fp =

h

P(ζ , t )2π λ(ζ )λ (ζ )dζ .

x0
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Substituting Eq. (A19) into Eq. (A22), the pressure force becomes
Fp = π Pn− (t )[λ2 (h) − λ2 (x0 )] − 2π ρn ωλ2 (h)

dh
H3 (h) − π ρn a(t )(h − x0 )λ2 (h) + π ρn a(t )H4 (h),
dt
(A23)

where
h

H3 (h) =
H4 (h) =

x0
h

H2 (ζ )λ(ζ )λ (ζ )dζ ,

(A24a)

λ2 (ζ )dζ .

(A24b)

x0

The capillary pressure at the front and rear menisci is the difference in the pressures on the two
sides of the meniscus:
Pc± (t ) = Pn± (t ) − Pw± (t ).

(A25)

The capillary pressure at the meniscus follows Young-Laplace equation:
2σ
,
λmen (h)
2σ
,
Pc− (t ) =
λmen (x0 )

Pc+ (t ) =

(A26a)
(A26b)

where σ is the interfacial tension.
The pressure of the wetting fluid, Pw− (t ), at the rear meniscus can be calculated from the external
entrance pressure, Pw1 as
Pw− (t ) = Pw1 +

x0

w
∇Pvisc
(t )dx,

L1

(A27)

w
where ∇Pvisc
(x, t ) can be calculated, similar to what was done with Eq. (A18):


i
ρw ωQ(t )
w
∇Pvisc (t ) =
Re  ω  − ρn a(t ).
π λ2 (x)
h ωw

(A28)

c

Likewise, the pressure of the wetting fluid
external exit pressure, Pw2 as

Pw+ (t )

Pw+ (t ) = Pw2 −

at the front meniscus can be calculated from the
L2

h

w
∇Pvisc
(t )dx.

(A29)

Then, by combining Eqs. (A25), (A27), (A28), and (A29), we can obtain the pressure of the
nonwetting fluid at the rear and front menisci, as follows:
Pn− (t ) = Pw1 − ρw a(t )(x0 − L1 ) − ρw ωλ2 (h)
Pn+ (t ) = Pw2 + ρw a(t )(L2 − h) + ρw ωλ2 (h)

dh
dt

dh
dt

x0
L1
L2
h
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2σ
  ω  dx +
, (A30a)
λmen (x0 )
ih ωw

λ2 (x)Re

c

1
2σ
   dx +
.
λmen (h)
λ2 (x)Re ih ωωw
c

(A30b)
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